We analyze the third harmonic generation by the supercontinuum at 1.5 µm in nonlinear-glass microstructured fibers. The numerical model includes the real field dynamics and allows analyzing the spectral as well as the temporal structure of the generated field. The calculated third harmonic and supercontinuum spectra are compared with the experiment in the SF6 glass PCF pumped by a femtosecond Cr 4+ :YAG oscillator. The spectral structure of the third harmonic is composed of the 10-20 high-order modes excited at the phase matching points around 500-550 nm. The individual third harmonic modes have spectral widths of 2-4 nm. In the time domain, the third harmonic signal is a ∼10-ps pulse with psscale slow modulation, containing subpicosecond ripples at its trailing edge. 
Introduction
Generation of the spectral supercontinuum (SC) in microstructured fibers (photonic crystal fibers, PCFs) has opened new possibilities for the applied nonlinear optics (see [1] and references therein). SC is of interest for a number of applications ranging from spectroscopy and metrology to the medicine. Possibility of the SC generation at unprecedentedly low level of the input pulse energy (sub-nanojoules) in the microstructured fibers results from the enhancement of nonlinearity and long interaction length due to the controllable fiber group-delay dispersion (GDD). The enhancement of the nonlinearity is caused by the strong mode confinement while the GDD control is made possible through the waveguide contribution to the fiber dispersion. As a result of this favorable combination, the spectrum evolution includes, besides the self-phase modulation, also the stimulated Raman scattering (SRS) [2] and generation of new components due to the four-wave mixing (FWM) [3, 4] , including the third-harmonic (TH) generation [8, 9] .
The waveguide contribution to GDD provides the phase-matched FWM and thereby enhances the efficiency of the frequency conversion [3] . In particular, the required phase matching can result from a stimulated excitation of the high-order waveguide modes in conventional fibers [4] or PCFs [5, 6] . Such a process allows generating the third harmonic in a gas-filled hollow fiber [7, 8] and a PCF [9] by both the direct conversion 3ω = ω + ω + ω and the cascading process 3ω = 2ω + 2ω − ω [10, 11] . It was found that the surface effects, the symmetry breaking and the Cherenkov's type phase-matching (like that in a bulk material [12] ) can contribute to the TH generation in a PCF [13, 14] . However, the waveguide contribution to TH in the fibers is a dominant factor in contrast to the bulks. Such a contribution results in a "discreteness" of the TH spectra [15, 16] , meaning that the isolated TH spectral lines reproduce the discreteness of the higher-order fiber modes providing a phase-matching with the low-order mode of the pump pulse [17, 18] .
The multimode phase-matched FWM was found to be the basic mechanism of TH generation in PCF [17, 18, 19, 20] . Besides the phase-and group-velocity mismatches, the TH spectrum is affected by solitonic effects [21, 22] , Raman self-shift [23, 24, 25, 26] , polarization of the pump field [24] , dispersive-wave generation [26] , self-and cross-phase modulation [8, 27, 28] . As a result, the TH spectrum can be broadened, asymmetrical and frequency-shifted from the exact 3ω point [14, 18, 27, 28, 29, 30] .
In spite of progress in the investigations of the TH generation in the PCFs, the theoretical analysis concerned mainly the phase-matching effects [17, 14, 18] , while the field dynamics remained unstudied. Both analytical [14, 18] and numerical [20] analysis of the TH generation by a non-dispersing pump pulse soliton have been performed. The soliton dynamics (dispersion up to the second order) in the presence of TH generation was described in [21, 22] . Dynamics of the pulse propagation at high peak intensities of ∼ 10 13 W/cm 2 has been investigated numerically [31, 32] beyond the slowly varying amplitude approximation and taking the high-order dispersion into account. For such pulses the nonlinear interaction is very strong and results in efficient TH generation without phase-matching already at distances of 100 µm [31] to 400 µm [32] . In this work we perform the analysis for the real-world conditions of cm-long fibers with high modal and material dispersion and typical low-power oscillator pulse parameters (duration ∼10 light cycles and energy ≤ 2 nJ, corresponding to peak intensities ≤ 10 12 W/cm 2 ). Such pulses are conveniently produced by a number of sources and their dynamics substantially differs from high-intensity cases of amplified pulses. We present the results of the numerical analysis of the SC dynamics in the presence of the TH generation provided by the multimode phase-matched FWM. The spatial, spectral and temporal structure of TH is studied theoretically and found to agree with the experimental data for a SF6 glass PCF pumped by a Cr 4+ :YAG oscillator operating at 60-70 fs pulse duration [ µm. This is due to the proximity of the zero-GDD wavelength to 1.5 µm and very high nonlinear refraction in the SF6 material. Large nonlinearity in the combination with the strong mode confinement provides both, efficient FWM and multimode phase matching. As a result, 2ω, 3ω and mixed frequencies can be observed [33] . In this work, we theoretically and numerically analyse the FWM 3ω = ω + ω + ω process in a SF6 PCF and compare it with the experiment. A typical PCF used for the infrared SC generation is shown in Fig. 1 . The mode structure of PCF was analyzed on the basis of the full-vector model using the real core geometry [33] . The fiber is multimode in the infrared, but only the lowest modes M=1-4 ( Fig. 1) can contribute to the SC and TH generation because of large shift of the zero-dispersion wavelength for the higher-order modes [33] from λ 0 . The rectangular slightly asymmetric PCF core geometry gives rise to slightly different mode parameters depending on polarization [33] . This should result in the polarization effects, but we were unable to observe any noticeable birefringence in the experiment, neither in the SC nor in the TH signal. We suppose that the core inhomogeneity along the fiber (evidenced by the fluctuations of the visible light emission) mixes the polarizations within the first millimeters of propagation.
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Fig. 1. Cross section of the SF6 PCF (upper graph) and field intensity distributions for the two lowest infrared modes and one visible mode (lower graph, see text for mode designations).
As a result of the waveguiding contribution to the effective refractive index, it is possible to satisfy the phase matching condition: n eff,M (ω) = n eff,N (3ω), where M and N are the mode indices and M < N. The experimental TH spectra were obtained from a 4 cm section of the SF6 PCF pumped by the Cr 4+ :YAG oscillator generating 60-70 fs pulses at 100 MHz repetition rate with the average output power of up to 170 mW [33] . The typical observed infrared and TH spectra are shown in Figs. 3,4. Fig. 4 demonstrates the TH spectrum together with its decomposition according to the multimode phase matching scheme presented in Fig. 2 . The TH spectrum can be interpreted as a multimode composite, excited by the FWM process, which is phase-matched with the infrared SC generated within the lowest modes.
Since the multimode phase matching mechanism provides a good description of the TH spectral structure, one can suppose that the intra-fiber power is not too high or/and that the TH radiation losses are sufficiently strong in order to suppress the contribution of the crossphase modulation to the mode matching. In the general case, such a conclusion would not be valid [27] and one can see the effect of the cross-phase modulation on the TH spectrum in the numerical simulation below.
Intensities of the TH spikes are defined by several factors including the SC dynamics at the fundamental wavelength as discussed in the next section. Another important contribution comes from the mode spatial structure, because various modes will have different overlapping with the pump mode (affects FWM efficiency) and different waveguide radiation losses (propagation attenuation). Both overlapping factor and radiation losses were found numerically on the basis of the generalized eigenvalue method [33] . The overlapping factors of the most intense modes m 74 ( Fig. 1) and m 75 are 12% and 14%, and the radiation losses are 9 and 20 dB/m, respectively. As another example, the radiation loss for the weaker mode m 71 with comparable overlapping factor is ≈2000 dB/m (leaking mode). Another leaking mode m 73 contributes in the right maximum spike together with m 74 . One can conclude that the TH spectrum shape depends on both overlapping factor and radiation losses for the excited modes.
PCF with 2.5 µm core provides a higher effective nonlinearity due to its small effective mode area (A eff =3.7 µm 2 for the lowest-order mode). As a result, the FWM efficiency is higher than in . This fact is easily observable in the experiment. However, since the zero-dispersion wavelength is λ ≈1.2 µm for the small core PCF, the SC spectrum is smooth and comparatively narrow [33] . The 4.5 µm core PCF produces TH with lower intensity, but i) its density of highorder modes is higher around λ 0 /3 ( Fig. 5) and ii) its SC is wider and more modulated due to the proximity of the zero-dispersion wavelength to λ 0 . The latter is most interesting for an analysis because it affects the TH temporal structure and dynamics.
Spatial, spectral and temporal structures of TH
For the 4.5 µm core PCF the zero-dispersion wavelength is close to λ 0 ≈ 1.5 µm. This provides a comparatively wide SC shown in Fig. 6 . Its spectral structure can be interpreted as consisting of i) the soliton spike centered at 1.6 µm, ii) the auto-modulated remainder of the pump pulse at 1.5 µm (narrow line is the cw component from the oscillator), iii) the dispersion wave at ≈1.26 µm, and iv) the TH spikes in the vicinity of 505 and 540 nm. Since the TH signal is generated by the broadband SC pump pulse, many modes are generated simultaneously. This results in a broad almost featureless spectrum (Fig.6) Wavelength, nm Spectral power, arb. un. smooth structureless mode pattern at the output (Fig.7) , which is an overlap of many mode patterns ( Fig. 1 ) with close wavelengths. Such an overlap develops already at the initial propagation stage and the individual modes cannot be resolved. In similar experiments with fused silica-based PCFs and tunable narrowband pump pulses one can observe and resolve the individual phase-matched high-order modes [17] , which are also conveniently separated from each other due to the lower mode density in the 2.5 µm-core fused silica as opposed to the 4.5 µm-core SF6.
To analyze the SC dynamics numerically, we reduce the full 3+1 dimensionality to 1+1-dimensional problem for each pair of modes (one lowest-order pump mode and one high-order mode at λ 0 /3). We also approximate the slightly birefringent PCF core by a core with cylindrical symmetry and 5.2 µm diameter, providing the same zero-dispersion wavelength at ≈ 1.5 µm. Spatial profiles of the three high-order modes providing the phase-matching with the infrared SC are shown in Fig. 8 . The mode structure of the cylindrical core differs from that of the experimental PCF. Therefore, the TH spectral structure can be reproduced only approximately. In particular, the birefringence effects disappear and there are 4 times less phase-matching points (only three in the wavelength interval 450-600 nm). In the rest of the paper we concentrate on the TH dynamics and its co-evolution with the supercontinuum.
The model which describes an interaction between the fundamental (SC, a F ) and third harmonic (a T H ) fields is based on the slowly varying amplitude approximation, which is valid for our pulse width (the case of the extremely short pulses is considered in [31, 32] ). The equations consider the fields separately but with the coupling through FWM [8, 21, 22, 20, 35] :
Here z is the propagation distance, t is the local time ( frame of reference is co-moving with the group velocity v F of the fundamental field at ω F = 2πc/λ 0 ), The spectral profile of β 2 (ω) reproduces the fiber dispersion and includes the contribution of high-order dispersions up to the 12 th order. Taking into account of the higher-order dispersions is necessary to describe the SC structure and its dynamics, which affects the TH.
Numerical simulations were performed pairwise between the fundamental and each higherorder modes. Such an approach is valid in our case because the energy conversion into TH is small (Fig. 11) . The simulations confirm that the signal in the higher-order modes appears in the vicinity of the tripled pump wavelength at λ ≈ λ 0 /3 and ∆k ≈ 0 [11] . As new wavelengthes are being generated in the infrared SC along the propagation coordinate (within both solitonic and dispersion-wave parts of SC), the phase-matched TH higher-order modes grow in the form of isolated spectral spikes [18] . Fig. 9 shows three modes with the highest simulated intensity. They correspond to initial ∆k close to 0. The spikes have widths of the order of few nanometers. There is a spectral overlap between some TH modes. The spectra have a fine structure and asymmetry [27, 28] , resulting from the cross-phase modulation with the fundamental wave. The cross-phase modulation is hardly visible in the experiment because of the radiation losses.
In the numerical simulation, where we neglect the radiation losses, the cross-phase modulation effect is stronger. Fig. 10 shows the instantaneous snapshot of the co-propagating signals at a fiber length of 4 cm. Because of the large group velocity difference, the TH wave is constantly retarded from the SC pulse. In the calculation, the local time frame is moving with a constant velocity, which is equal to the group velocity of the input pulse at 1.5 µm, and is close to the group velocity of the SC signal. Plotting the temporal intensity profile of the TH signal in the local time frame thus shows a generation history of the TH signal during the propagation.
It is interesting to note, that at the beginning of the TH generation there are ripples with a period of the order of ∼ 100 fs (Fig. 10b) . The reason for this can be understood, if we take into account, that at the initial stage, the frequency of the TH signal is exactly ω T H = 3ω F . For most of the high-order modes, this is not the phase-matched frequency, and the signal shows typical oscillations of the non-phase-matched harmonic generation with ∆k = 0. Later on, in the first few millimeters of propagation [34] , the spectrum expansion takes place, and the TH generation frequency shifts to the perfect phase-matching ∆k = 0.
The long-term modulation of the TH temporal profile (≈ 10 ps, Fig. 8a ) results from the variation of the SC spectral power at the phase-matched wavelengths along the propagation distance z. A combination of the short-scale (due to ∆k = 0) and long-scale (due to the SC evolution) modulations creates the unique temporal structure of the TH signal. Note that the long-scale evolution is mode-dependent (Fig. 8) , because it is connected with the SC intensity evolution at the tripled wavelength of the mode-specific phase-matching point.
Finally, Fig. 11 shows the evolution of the overall energy in the TH modes as a fraction of the input pulse energy. At 4 cm propagation length, the maximum conversion efficiency is ∼0.8%. This value is likely the upper estimation of the conversion efficiency, because the model does not account for the radiation losses of the high-order TH modes.
Conclusion
Multimode phase-matched four-wave-mixing providing the third-harmonic generation in microstructured fibers has been explored numerically taking into account the propagation dynamics within the framework of slowly-varying amplitude approximation. It has been found, that the the TH signal is a superposition of spectral peaks, which are excited in the high-order spatial modes providing the phase matching with the supercontinuum in the PCF. The calculated TH peaks and SC spectra are in a good agreement with the experimental ones, which have been obtained from the SF6 glass PCF pumped by a femtosecond pulse Cr 4+ :YAG oscillator. The structure of the experimental TH spectrum is completely described by the multimode phasematching conditions in the actual geometry of the PCF core.
Temporal structure of the TH has been analyzed in connection with the SC dynamics. The TH appears in the vicinity of the tripled pump frequency in the form of isolated spectral lines propagating in the modes with ∆k = 0. Imperfect phase-matching causes the TH envelope ripples with the sub-picosecond period. Such ripples decay when the SC approaches the perfect phase-matching frequency, where ∆k → 0. After that the temporal structure of TH is affected mainly by the dynamics of SC. The resulting TH signal has the form of a intensity-modulated pulse with approximately 10-ps duration, which stretches out of the SC pulse due to the differ- 
